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1. Introduction
This paper is a survey of the orthogonal almost complex structures on oriented 6-dimensional submanifolds ϕ : M6 → C
of the octonions C.
In [1], R.L. Bryant showed that any oriented 6-dimensional submanifold ϕ : M6 → C of the octonions admits the almost
complex (Hermitian) structure J deﬁned by
ϕ∗( J X) = ϕ∗(X)(η × ξ),
where {ξ,η} is a local oriented orthonormal frame ﬁeld of the normal bundle of ϕ over a neighborhood of each point of M6.
The induced almost complex (Hermitian) structure is a Spin(7)-invariant in the following sense.
Let ϕ1,ϕ2 : M6 → C be two isometric immersions from the same source manifold to the octonions. If there exists an
element g ∈ Spin(7) such that g ◦ϕ1 = ϕ2 (up to a parallel translation), then the two maps are said to be Spin(7)-congruent.
If the immersions ϕ1 and ϕ2 are Spin(7)-congruent, then the induced almost complex structures coincide.
We call the 6-dimensional submanifold (M6,ϕ) of C is an extrinsic homogeneous almost Hermitian one if there exists
Lie subgroup K of the semi-direct product C  Spin(7) acts transitively on M6. In this case, the induced almost complex
structure and metric are preserved under the action of K .
First, we shall give a classiﬁcation of 6-dimensional extrinsic homogeneous almost Hermitian submanifolds of the octo-
nions C, which are obtained by [3]. The method is to use the classiﬁcation of the homogeneous isoparametric hypersurfaces
of a unit sphere [5,7], and also give a list of 6-dimensional submanifolds of C which are Riemannian homogeneous with
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transitively on it. However this classiﬁcation states that the extrinsic homogeneous almost Hermitian submanifolds of the
octonions C admits the homogeneous almost complex structure from some special immersion. If we change the immersion
by g ∈ SO(n) for n = 7,8, then the induced almost complex structure of g ◦ ϕ is different from the original one, in general.
We will explain this phenomena [4].
2. Preliminaries
Let H be the skew ﬁeld of all quaternions with canonical basis {1, i, j,k}, which satisﬁes
i2 = j2 = k2 = −1, i j = − ji = k, jk = −kj = i, ki = −ik = j.
The octonions (or Cayley algebra) C over R can be considered as a direct sum H⊕H= C with the following multiplication
(a + bε)(c + dε) = ac − d¯b + (da + bc¯)ε,
where ε = (0,1) ∈ H⊕H and a,b, c,d ∈ H, where the symbol “ ¯ ” denotes the conjugation of the quaternion. For any x, y ∈ C,
we have
〈xy, xy〉 = 〈x, x〉〈y, y〉,
which is called “normed algebra” in [2]. The octonions is a non-commutative, non-associative alternative division algebra.
The group of automorphisms of the octonions is the exceptional simple Lie group
G2 =
{
g ∈ SO(8) ∣∣ g(uv) = g(u)g(v) for any u, v ∈ C}.
In this paper, we shall concern the Lie group Spin(7) which is deﬁned by
Spin(7) = {g ∈ SO(8) ∣∣ g(uv) = g(u)χg(v) for any u, v ∈ C
}
,
where χg(v) = g(g−1(1)v). Note that G2 is a Lie subgroup of Spin(7):
G2 =
{
g ∈ Spin(7) ∣∣ g(1) = 1}.
The map χ deﬁnes a double covering map from Spin(7) onto SO(7), which satisﬁes the following equivariance
g(u) × g(v) = χg(u × v),
for any u, v ∈ C, where u × v = (1/2)(v¯u − u¯v) (which is called the “exterior product”) where v¯ = 2〈v,1〉 − v is the
conjugation of v ∈ C. We note that u× v is pure-imaginary for any u, v ∈ C. To do this, we ﬁx a basis of the complexiﬁcation
of the octonions C⊗R C over C given by
N = (1/2)(1− √−1ε), N¯ = (1/2)(1+ √−1ε),
E1 = iN, E2 = jN, E3 = −kN, E¯1 = iN¯, E¯2 = jN¯, E¯3 = −kN¯.
We extend the multiplication of the octonions complex linearly on C⊗R C. We note that
Proposition 2.1. Let M6 be a connected, oriented 6-dimensional manifold and ϕ1,ϕ2 : M6 → C be two isometric immersions with
same induced metrics and almost complex structures. Let II(2,0)ϕ1 , II
(2,0)
ϕ2 be the corresponding (2,0) part of the 2nd fundamental forms.
Then there exists an element g ∈ Spin(7) such that g ◦ ϕ1 = ϕ2 if and only if II(2,0)ϕ1 ∼= II(2,0)ϕ2 .
3. 6-dimensional extrinsic homogeneous almost Hermitian submanifolds
We shall determine the 6-dimensional extrinsic homogeneous almost Hermitian submanifolds of C. In this case, we see
that the index relative nullity is constant on such a homogeneous submanifold. We note that the notion of the index of
relative nullity is not intrinsic one (see [6]).
Let (Mm,ϕ) be a Riemannian homogeneous submanifold in an n-dimensional Euclidean space Rn , and let k be the
index relative nullity of (Mm,ϕ). Taking account of completeness of Mm , we see that Mm admits the splitting ϕ(Mm) =
Rk × φ(Mm−k) and Mm = Rk × Mm−k , where φ is an isometric immersion φ : Mm−k → Rn−k . In this splitting, we may
assume that the image of φ is included in a sphere Sn−k−1, (and hence, ϕ(Mm)) is included in the generalized cylinder
Rk × Sn−k−1 ⊂ Rk × Rn−k . Since the codimension is two, by using the classiﬁcation of [5,7] of homogeneous isoparametric
hypersurfaces of a sphere, we see that the following 6-dimensional manifolds M6 = (M6,ϕ) are extrinsic homogeneous
almost Hermitian submanifolds of the octonions C.
Theorem 3.1. (See [3].) Let M6 = (M6,ϕ) be an extrinsic homogeneous almost Hermitian submanifold of the octonions C with respect
to the induced almost Hermitian structure induced by the speciﬁed isometric immersion ϕ . Then (M6,ϕ) is one of the following 13
submanifolds ((1)–(13)).
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(2) ϕ is totally umbilic in ImC (ϕ : S6 → ImC  R7 , nearly Kähler 6-sphere).
(3) ϕ : S1 × R5 → ImC  R7 is deﬁned by
ϕ
(
e
√−1θ , x1, z2, z3
)= εx1 + E1z1 + E2z2 + E3e
√−1θ + E1z1 + E2z2 + E3e
√−1θ ,
for (eiθ , x1, z1, z2) ∈ S1 × R× C× C ( S1 × R5).
(4) ϕ : R1 × R5 → C is deﬁned by (γ : R→ R3 is a helix)
ϕ(t, x0, x4, x5, x6, x7) = 1x0 + i cos(at) + j sin(at) + kbt + εx4 + iεx5 + jεx6 + kεx7,
for (t, x0, x4, x5, x6, x7) ∈ R1 × R5 .
(5) ϕ : S2 × R4 → ImC (quasi-Kähler manifold)
ϕ(q, x1, x2, x3, x4) = qiq¯ + εx1 + iεx2 + jεx3 + kεx4,
where q ∈ Sp(1) ∼= S3 ⊂ H and (x1, x2, x3, x4) ∈ R4 .
(6) ϕ : S3 × R3 → ImC is deﬁned by
ϕ(q, x1, x2, x3) = ix1 + jx2 + kx3 + qε,
for (q, x1, x2, x3) ∈ S3 × R3 .
(7) ϕ : S5 × R1 → ImC, is deﬁned by
ϕ(x, z1, z2, z3) = εx+
3∑
i=1
Ei zi +
3∑
i=1
Ei zi,
where U ∈ SU(3) and t(z1, z2, z3) = Ut(1,0,0).
(8) ϕ : S1 × S5 → S7 ⊂ R8 ∼= C is deﬁned by
ϕ
(
e
√−1θ , z1, z2, z3
)= Ne
√−1θ + e(
√−1θ)/3
3∑
i=1
Ei zi + N¯e−
√−1θ + e−(
√−1θ)/3
3∑
i=1
Ei zi,
where U ∈ SU(3) and t(z1, z2, z3) = Ut(1,0,0).
(9) ϕ : S3 × S3 → S7 ⊂ C is deﬁned by
ϕ(q1,q2) = q1 + q2ε,
for (q1,q2) ∈ S3 × S3 .
(10) ϕ : T 2 × R4 → C is deﬁned by
ϕ
(
e
√−1θ1 , e
√−1θ2 , z1, z2
)= (o;N, E, N¯, E¯)Av0
= Ne
√−1θ1 + E1e
√−1θ2 + E2z1 + E3z2 + Ne
√−1θ1 + E1e
√−1θ2 + E2z1 + E3z2.
(11) ϕ : R2 × S1 × S3 → C is deﬁned by
ϕ
(
x1, x2, e
iθ ,q
)= x11+ x2i + (cos θ + i sin θ) j(cos θ − i sin θ) +
(
q(cos θ − i sin θ))ε
= x11+ x2i + cos(2θ) j + sin(2θ)k +
(
q(cos θ − i sin θ))ε,
where (x1, x2, eiθ ,q) ∈ R2 × S1 × S3 .
(12) ϕ˜ : R1 × S2 × S3 → C is deﬁned by
ϕ(x1,q1,q2) = x11+ q1iq¯1 + (q2q¯1)ε,
for (x1,q1,q2) ∈ R1 × S3 × S3 . The image of ϕ(R1 × S3 × S3) is R1 × S2 × S3 ⊂ C.
(13) ϕt0 : SO(2) × SO(3) × R2 → S5 × R2 ⊂ C3 ⊕ R2 = R8 is deﬁned by
ϕt0(θ,q, x1, x2) = x11+ x2ε + cos t0
(
cos θqiq¯ + sin θ(qiq¯)ε)
+ sin t0
(− sin θqjq¯ + cos θ(qjq¯)ε),
for (θ,q) ∈ S1 × Sp(1), (x1, x2) ∈ R2 and 0< t0 < π/4 (constant).
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immersion ϕ : SO(2) × SO(3) → S5, which is the isoparametric hypersurface with four distinct principal curvatures and the
image ϕ(SO(2)× SO(3)) = SO(2)× SO(3)/Z2. The induced almost complex structure is homogeneous, since this manifold is a
principal orbit of the adjoint action of SO(2)× SO(3) which is included in U (3) ⊂ SO(6) as a Lie subgroup. We note that it is
also included in SU(4). The action of SO(2)×SO(3) is an isotropy representation of the symmetric space SO(5)/SO(2)×SO(3).
We deﬁne the action ρ of the Lie subgroup SO(2) × SO(3) of Spin(7) by
ρ(θ,q)
(
a0 · 1+ a1 + (b0 + b1)ε
)= (a0 cos(3θ) + b0 sin(3θ)
) · 1+ (cos(θ)qa1q¯ − sin(θ)qb1q¯
)
+ {(−a0 sin(3θ) + b0 cos(3θ)
) · 1+ (sin(θ)qa1q¯ + cos(θ)qb1q¯
)}
ε,
where a0,b0 ∈ R and a1,b1 ∈ ImH. Then the immersion is given by
ϕt0(θ,q) = ρ(θ,q)
(
cos(t0)i + sin(t0) jε
)
,
where 0< t0 < π/4.
4. 6-dimensional Riemannian homogeneous submanifolds of C with non-homogeneous induced almost complex
structure
In [3], we proved that the following ten 6-dimensional submanifolds (M,ϕ) of 8-dimensional Euclidean space are Rie-
mannian homogeneous, but the almost complex structure induced by ϕ is not homogeneous.
(1) (S4 × R2,ϕ). (2) (S4 × S1 × R,ϕ). (3) (S4 × S2,ϕ).
(4) (S2 × S2 × R2,ϕ). (5) (S1 × S2 × R3,ϕ).
(In the above (1)–(5) the isometric immersion ϕ represents the standard product one, respectively.) Further, the following
submanifolds (M6,ϕ) of C in (6)–(10) are given respectively as the orbits of adjoint action at the origin of some Riemannian
symmetric spaces G/K and they are all isoparametric hypersurfaces in S4 or S7 which are Riemannian homogeneous.
Denoting by g and k the Lie algebras of G and K , respectively, and let g = k + m be the standard decomposition of the Lie
algebra g corresponding to the Cartan involution on G/K . Then the subspace m of g is identiﬁed with the tangent space of
G/K at the origin eK .
(6) (M3 × R3,ϕ × id), where ϕ × id is a product immersion of the identity map id : R3 → R3 and ϕ : M3 → S4 ⊂ R5 is
the isometric immersion from M3 into S4 (⊂ R5) such that (M3,ϕ) is the Cartan hypersurface of the unit 4-sphere S4
with three distinct constant principal curvatures. It is well-known that (M3,ϕ) is obtained as a principal orbit of the
adjoint action deﬁned by the isotropy representation of the symmetric space SU(3)/SO(3), namely
SO(3)/Z2 ⊕ Z2 = Ad
(
SO(3)
)
(p0),
for some nonzero tangent vector p0 at the origin o = e(SO(3)).
(7) The isoparametric hypersurface
SU(3)/T 2 = Ad(SU(3))(p0)
of S7 with three distinct principal curvatures is given by the orbit of the isotropy representation (an orbit of the adjoint
action) of the symmetric space (SU(3) × SU(3))/SU(3) for some nonzero tangent vector p0 at the origin o = e(SU(3)).
(8) The isoparametric hypersurface
SO(2) × SO(4)/(Z2 × SO(2)
)= Ad(SO(2) × SO(4))(p0)
of S7 with four distinct principal curvatures is an orbit of the isotropy representation (an orbit of the adjoint action)
of the symmetric space SO(6)/SO(2) × SO(4) at the origin o = e(SO(2) × SO(4)) where p0 is a nonzero tangent vector
at o.
(9) The isoparametric hypersurface
S
(
U (2) × U (2))/S1 = Ad(S(U (2) × U (2)))(p0)
of S7 with four distinct principal curvatures is an orbit of the isotropy representation (an orbit of the adjoint action) of
the symmetric space SU(4)/S(U (2) × U (2)) at the origin o = e(S(U (2) × U (2))) where p0 is a nonzero tangent vector
at o.
(10) The isoparametric hypersurface
Ad
(
SO(4)
)
(p0)
of S7 with six distinct principal curvatures is an orbit of the isotropy representation (an orbit of the adjoint action) of
the symmetric space G2/SO(4) at the origin o = e(SO(4)) where p0 is a nonzero tangent vector at o.
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Let M,N be two 6-dimensional orientable manifolds and ϕ : M ↪→ ImC, ϕ′ : N ↪→ ImC be two isometric immersions.
The two hypersurfaces (M,ϕ) and (N,ϕ′) are said to be G2-congruent if there exist an element (g,a) ∈ G2 × ImC and an
orientation preserving isometry ψ : M → N satisfying
ϕ′
(
ψ(p)
)= g(ϕ(p))+ a
for any p ∈ M . We can easily see that the G2-congruency of hypersurfaces in ImC is an equivalent relation. We will note
that the almost complex structure J is an invariant up to the action of G2 in the following sense.
Lemma 5.1. Let ϕ : M ↪→ ImC, ϕ′ : N ↪→ ImC be two isometric immersions with the same orientation. Suppose that they are G2-
congruent. Then we have
J = (ψ∗)−1 ◦ J ′ ◦ ψ∗,
where J and J ′ are almost complex structures on M and N, respectively.
We classify almost complex structures of homogeneous hypersurfaces of ImC into 4 types. To do this, we give the
G2-orbit or G2-orbit decomposition of Grassmann manifold.
5.1. G2-orbits
5.1.1. S6, S5, V+2 (ImC) and G
+
2 (ImC)
Let S6 and S5 be a 6-dimensional unit sphere in ImC and a 5-dimensional unit sphere in R6 ⊂ ImC where R6 = {u ∈
ImC | 〈u, ε〉 = 0}, respectively. It is well known that
S6 ∼= G2/SU(3), S5 ∼= SU(3)/SU(2). (5.1)
Let V+2 (ImC) be a Stiefel manifold of oriented 2-frames in ImC. It is well known that
V+2 (ImC) =
{
(u, v) ∈ S6 × S6 ∣∣ 〈u, v〉 = 0}.
We can see that
Proposition 5.1.
V+2 (ImC) ∼= G2/SU(2).
By Proposition 5.1, we obtain
Corollary 5.1.
G+2 (ImC) ∼= G2/U (2),
where G+2 (ImC) be a Grassmann manifold of oriented 2-planes in ImC.
5.2. V+3 (R7) and G
+
3 (R
7) (G2-orbit decomposition)
Let V+3 (R7) and G
+
3 (R
7) be a Stiefel manifold of oriented 3-frames in R7 and a Grassmann manifold of oriented 3-planes
in R7, respectively. For any (e1, e2, e3) ∈ V+3 (R7), by Proposition 5.1, there exits a g ∈ G2 such that g(i) = e1, g( j) = e2. Since
g ∈ G2 we have g(i)g( j) = g(k). However, in general, e1e2 does not coincide with e3. Next we consider the canonical form
of the each element of G+3 (R7)  V by G2. Let V = spanR{e1, e2, e3} ∈ G+3 (R7).
Proposition 5.2. For any V ∈ G+3 (R7), there exist a g ∈ G2 and a θ ∈ R (0 θ  π) satisfying
V = spanR
{
g(i), g( j), g(cos θk + sin θε)}.
A 3-dimensional vector space V in ImC is called associative if spanR{u, v,uv} = V , where {u, v} is an oriented orthonor-
mal pair of V . We also note that the Grassmann manifold Gass(ImC) of associative 3-planes are given by
Gass(ImC)  G2/SO(4).
We note that the representation
ρSO(4) : SO(4)
( Sp(1) × Sp(1)/Z2
)→ G2
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ρSO(4)(q1,q2)(a + bε) = q1aq¯1 + (q2bq¯1)ε,
where (q1,q2) ∈ Sp(1) × Sp(1) and a + bε ∈ ImC.
5.3. Homogeneous hypersurfaces of ImC with unique homogeneous almost complex structure
First we note that the induced almost complex structure is unique (up the action of G2) in the four homogeneous
hypersurfaces of ImC, R6, S1 × R5,R× S5, S6 with the standard immersion (under the action of SO(7)).
5.3.1. Non-homogeneous induced almost complex structure on R2 × S4
Theorem 5.1. (See [4].) Let ψ4 : R2 × S4 ↪→ ImC be the mapping from R2 × S4 to ImC, deﬁned by
ψ4(x1, x2, y0, y1q) = y0i + x1 j + x2k + y1qε,
where (x1, x2) ∈ R2 , y20 + y21 = 1, and q ∈ S3 ⊂ H, where S3 is a 3-dimensional unit sphere in H. Then we have
tr tB¯B = 1
8
(
3+ y20
)
, tr tA¯A = 1
8
y21,
whereA,B is the (2,0), (1,1)-part of the second fundamental form. The automorphism group of the induced almost complex structure
is R2  U (2) (⊂ (R2  SO(2)) × SO(5)). Therefore, it does not act transitively on R2 × S4 . The induced almost complex structure on
R2 × S4 (under the action of SO(7)) is unique up to the action of G2 .
5.3.2. 1-parameter family of homogeneous almost complex structures on S2 × R4
In this section, we give the explicit representation of G2-frame ﬁelds on S2 × R4 ⊂ ImC, and the G2-invariants. Let
q ∈ S3 (⊂ H) be the unit quaternion. We deﬁne the map π : S3 → S2 such that π(q) = qiq¯, which is called the Hopf map.
Proposition 5.3. Let ϕ2,α be the 1-parameter family of imbeddings from S2 × R4 to ImC, as follows
ϕ2,α(qiq¯, y˜) = cos(α)qiq¯ + sin(α)(qiq¯)ε + y0ε + y1
(− sin(α)i + cos(α)iε)
+ y2
(− sin(α) j + cos(α) jε)+ y3
(− sin(α)k + cos(α)kε), (5.2)
where qiq¯ ∈ S2 and y˜ = (y0, y1, y2, y3) ∈ R4 , for some ﬁxed α ∈ [0,π/3]. Then, we have
tr
(t
B¯B
)= 1
8
(
1+ cos2(3α)), tr(tA¯A)= 1
8
(
1− cos2(3α)).
The automorphism group of the induced almost Hermitian structure coincides with SU(2) R4 (⊂ SO(3) × (SO(4) R4)) and it acts
transitively on S2 × R4 for any α ∈ (0,π/3). In the case, α = 0 or π/3, the automorphism group of the induced almost Hermitian
structure coincides with SO(4) R4 (⊂ SO(3) × (SO(4) R4)) and it acts transitively on S2 × R4 .
From which, we have
Theorem 5.2. (See [4].) For α ∈ R (0 α  π/3), let (S2 × R4,ϕ2,α) be deﬁned as in Proposition 5.3. The family of the imbeddings
ϕ2,α induce the 1-parameter family of the almost complex structures Jα on S2 × R4 , which are not G2-congruent to each other.
Moreover the induced almost Hermitian structure ( Jα, 〈,〉) is (1,2)-symplectic iff α = 0 or π/3.
We here note that ϕ2,α and ϕ2,α+π/3 are G2-congruent. The almost Hermitian manifold (M, J , 〈, 〉) is said to be (1,2)-
symplectic if (dω)(1,2) = 0, where ω = 〈 J ,〉 is the canonical 2-form (or Kähler form) on M . In our situation, (dω)(1,2) = 0, is
equivalent to A = 0.
Proposition 5.4. Let ϕ be any isometric imbedding from S2 × R4 to ImC. Then there exist a g ∈ G2 and α ∈ [0,π/3] such that
g ◦ ϕ = ϕ2,α . Hence the moduli space (up to the action of G2) of isometric imbeddings from S2 × R4 to ImC coincides with {ϕ2,α |
α ∈ [0,π/3]}.
5.3.3. Deformation of almost complex structures on S3 × R3
We can prove the following
Theorem 5.3. (See [4].) Let ϕ3,α : S3 × R3 → ImC be a 1-parameter family of imbeddings deﬁned by
ϕ3,α(q0,q1,q2,q3, x1, x2, x3) = x1(cosαi + sinαε) + x2 j + x3k + q0(− sinαi + cosαε) + qε,
H. Hashimoto, M. Ohashi / Differential Geometry and its Applications 29 (2011) S227–S233 S233where q = q1i + q2 j + q3k,∑3i=0 qi2 = 1, (x1, x2, x3) ∈ R3 and α (0 α  π/2) is a parameter of the deformation. Then we have
tr(tB¯B) = 1
16
(
2
(
1− q12
)
sin2 α + 3), tr(tA¯A) = 1
16
(−2(1− q12
)
sin2 α + 3).
From which, we can easily see that
Corollary 5.2. There exists a 1-parameter family of induced almost complex structures Jα on S3 × R3 , for any α (0  α  π/2),
which are not G2 equivalent. Moreover, the induced almost complex structures Jα(0< α  π/2) are not homogeneous.
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